The torsional vibration of power transmission shaft is a phenomenon whose analytical modeling can be represented by a differential equation of motion proposed by technical literature. The solutions of these equations need coefficients and parameters that, usually, must be experimentally estimated. This work uses a resistive electric SG (strain gage) to dynamically determine strains produced in the shaft due to harmonic oscillatory motion under multiaxial loading. This movement is simulated on a prototype specially developed for this purpose. It comprises a pulley attached to the end of a stepped cantilevered shaft, which is clamped at the opposite end. In this configuration, a cam generates a torque to the system, springs regulate the stiffness and the damping coefficient of the assembly, as well as they can be suitably adjusted to produce an underdamped condition. The main advantage, highlighted in this study, refers to a major simplification. Although the system under study shows multiple degrees of freedom (torsion and bending), the shape and the positioning of linking SGs with the resistor bridge (Wheatstone Bridge), allow to evaluate the loading effects independently, as if only one degree of freedom of the system exists at a time domain. Strains graphs for two forms of cyclic torsional oscillation, analytical and experimental, were successfully generated.
Introduction


The analysis of the vibration control considers any element that produces or suffers a form of repetitive dynamic effort. Currently, this analysis is widely applied in the mechanical industry and it is also used in preventive condition, which includes a continuous monitoring of the element of interest and in corrective condition. The dynamical strength analysis, very applied in the machining area, requires considerations of the cyclical fluctuations that are intrinsically related to any mechanical element that rotates. The interest in increasing the quality of a particular product, in order to avoid failures of any kind, to improve efficiency and to reduce costs, boosts the interest to a constant improvement in the analysis of strength and vibration of rotating elements. Therefore, it is worth citing some studies in this subject. Wu [1] has numerically analyzed the vibration of a variable section shaft using the Lagrangian method. Chen [2] has investigated the torsional vibrations of a cylinder with varying cross section. Castro et al. [3] have investigated the effects of the correction in the dynamic forces of measurements performed with piezoelectric dynamometer. Quin et al. [4] have studied the propagation of the torsional vibration in the shaft material using transformation matrix and finite elements. Gaspari et al. [5] 
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performances of the Saint-Venant model. Huang [6] has studied the characteristics of torsional vibration of an unbalanced rotor by numerical simulation. In his study, the torsional vibration of the shaft can result in lateral vibration with bisynchronous frequency. Especially, when the rotating frequency is near the natural torsional frequency, where torsional vibration is stronger, the bisynchronous vibration becomes rather strong. Han et al. [7] have made the dynamic analysis of a geared rotor-bearing system with a breathing slant crack. They adopted the finite element model of a geared rotor with slant crack. The comparative study with slant cracked geared rotor is carried out to explore distinctive features in their modal, parametric instability and frequency response behaviours. Saka et al. [8] have studied the torsional vibration produced by a shaft with a cam subjected to a force. In this study, the obtained results were based only on the numerical analysis, and it does not apply to an experimental procedure. In the work of Xiang et al. [9] , a laser torsional vibrometer was used to measure the torsion vibration of a rotating shaft system under electrical network impact. The system is modelled as a chain consisting of an elastic spring with concentrated mass points, and the multi-segments lumped mass model is established for this shafting system. The torsional vibrations of the shaft system were measured under electrical network impacts in laser Doppler torsional vibrometer. Salarieh et al. [10] , in their paper, have analyzed the free vibration of a cantilever. Roukema et al. [11] have introduced a time domain model of the torsional-axial chatter vibrations in drilling. The model takes into account the exact kinematics of rigid body, and the coupled torsional and axial vibrations of the drill. The tool is modeled as a pretwisted beam that exhibits axial and torsional deflections due to torque and thrust loading. In the present work, torsional vibration monitoring techniques were applied, so that the strains were monitored at a given point on the surface of the shaft under stress in the elastic range and in the time domain. The main advantage highlighted in this study refers to an interesting simplification. Based on the condition that the system under study, although having several degrees of freedom (torsion and bending), the shape and connection position of SGs with the bridge resistance (WB) allowed to evaluate the deformation produced by each type of multiaxial loading effort, considering a system of one degree of freedom for each component of the multiaxial strain. Starting from this premise, SGs (strain gages) were fixed on the prototype shaft, designed and built specifically for this purpose, whose deformation point, located on the surface, has been converted into analog signal and transmitted directly by a static contact. This analysis considers both free and forced vibrations, with damping. Free vibrations are described when the pulley has a torsional displacement and the shaft is moved from its equilibrium position, allowing the shaft to vibrate freely. In the case of forced vibration, an external force, due to the influence of the cam, cyclically excited the pulley and shaft. This study carried out two forms of analysis involving, each one, one degree of freedom using a prototype, which simulated the cyclic torsional vibration in a stepped shaft section, subjected to a certain CE (condition of effort). Many different forms of damping coefficients produced by regulating the prototype springs may influence such CE.
Experimental Setup
Based on this regulation prototype, a prototype, that could undergo underdamped vibratory motion, was conceived, as shown in Figs. 1a and 1b.
The prototype was basically constituted by a counterweight, a pulley, a shaft and an electric motor of DC (direct current). The DC motor is coupled to a cam that is associated with a lever and a set of springs, in an organized manner. This yielded a final setup of easy control and low commercial cost. Its general arrangement is showed in Fig. 1 . In this prototype, the end of the stepped shaft is fixed in a pulley whose 
Fig. 4 Angular variation strain on shaft (θ 4 (t), θ(t)).
The simplified adopted model, shown in Fig. 4 , allowed to separately analyze the strains imposed on the shaft based on the initial boundary conditions.
In Fig. 4 , x is the vertical displacement of the counterweight. x" is the distance from the grip point to the strain gages location point. θ is the twist angle of the section. ɣ is distortion angle, i.e., the relative angle of twist. ɣ max is the maximum distortion angle. L' is the total length of the shaft. r is the radius of the pulley. θ 4 is the deformation of the length section L 6 .
The torsion force F t is responsible for twisting the pulley within a certain angle (θ), described by Eq. (4). Due to the vertical displacement of the counterweight position x 0 = 0 to the position x 0 = x, a strain arises in the shaft. Such strain results in a distortion angle (ɣ) in the gages location point. This system analysis highlighted two types of strain shaft. The first one occurs due to the shaft deflection. The second one arises due to the twisting of stepped shaft. The arc (θ(t)) at the shaft end (Fig. 3) is related to the displacement (x(t)), according to Eq. (3):
The maximum angle (θ max ) of the shaft is given by Eq. (4):
The torsion angle (θ), already defined in Eq. (3), can be related with the tangential force F t (r) and the shaft transversal elastic modulus, as shown in Eq. (5). The distortion angle (ɣ) is defined in Eq. (6).
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The radius r 4 , r 5 and r 6 are the prototype sections shaft radius. The inertial moments J 4 , J 5 and J 6 are the corresponding shaft section inertial moments. The tangential force F t (r), used in Eq. (5), is now related to the vertical displacement and defined in Eq. (7).
The lengths l 5 and l 6 are clearly shown in Fig. 4 . The length l 4 is visible, for better clarity, in Fig. 6 .
Thus, the torsion angle (θ 4 ), shown in Fig. 4 , can be related to the tangential force F t (r) according to Eq. (8). ( )
In general, the SG deformations are sufficiently small, so that one can consider the condition θ 4 sin (θ 4 ), which is true for very small angles.
There is a geometric relationship between the displacement of the counterweight and the angular pulley rotation. The balance oscillates vertically, while the pulley swings angularly. In static equilibrium condition, the cable is tensioned by a force (F t (t)), which is other possible way to define (F t (t)), done in Eq. (9): (10) 
Initially, this prototype would be represented by a model with two degrees of freedom of the system, which comprises a tangential force to the pulley that gives rise to torsion and bending of the shaft, as shown in Fig. 4 . The vibration analysis with two degrees of freedom defines a relationship between the displacement torque x t (t) and bending x f (t). However, such gages have the characteristics to assess normal strain along its longitudinal center line. Considering the way, the SGs were positioned in the shaft, and interconnected with WB, it is possible to analyze the torsional deformations independently of the flexional ones. Because of this setup, the analysis with one degree of freedom for each shape deformation (torsion/flexion) was accessible, as performed in this paper. This paper studies only the influence of torsional strain.
In this study, we adopted the logarithmic decrement, which is the result of a single pulse imposed on the system (free vibration). The term logarithmic decrement refers to the logarithmic reduction rate related to the reduction of movement after the boost, as the energy is transferred to other parts of the system or is absorbed by the element itself. In this oscillating system with damping, which is excited by an impulse, its answer comes in the form of decay in time. It is noteworthy that at t = t m , the system response is denoted by y m , and the response at time t = t n + 2πr/w d , where r is the frequency ratio and w d is the natural damped frequency, is denoted by y m + i . Thus, the logarithmic decrement (δ) can be obtained from two measurements y m and y m + i , in the free motion regime, defined by Eqs. (13) and (14).
where, n is the peak order of the oscillations. Considering the geometric relationship between the displacement x(t) and the torsion angle (angular displacement) θ + θ 0 (t), shown in Fig. 5 , it was established the balance equation without the influence of forcing. Considering that the shaft is clamped at one end and that it is depicted in equilibrium, it satisfies the equation of motion (15), shown below.
The behavior described by the system (Figs. 3 and 5 ) depends on the solution of the differential Eq. (15). A (12)), and the integration constants A and Φ, are given by equations in Ref. [12] .
The camshaft is subjected to a dynamic torque. In this case, the angular speed of the camshaft is assumed to be constant and the movement is examined under this assumption. where, ζ is the damping ratio, defined in Eq. (24), c cr is the critical damping coefficient and ω n stands for the natural frequency of vibration of the prototype. The frequency ratio (r') can be experimentally determined considering the condition established by Eqs. (25) and (26) .
In a forced system, resonance occurs when the excitation frequency of system becomes closer (or equal) to the system natural frequency (w = w n ). This condition is established in underdamped systems because for low damping there is a frequency band around the natural frequency at which the dynamic amplification values are high. Therefore, this region may occur with large vibration amplitude even when the amplitude of the exciter forces is small. For excitation frequencies close to zero (r'0) system behavior is of the static type. For frequencies far above the natural rate (r' > 1), there is a great reduction in the vibration amplitude. The result of the torsional strain in the analysis of simulation allows the shaft to be considered in its totality. Vibrational setting values for the variables are indicated in Table 2 .
In the stepped shaft, shown in Fig. 6 , the modeling is done via Eqs. (5) and (6), whose parameters were already discussed. Eq. (27) is a general equation to obtain the distortion ( )
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Results
The analytical modeling was based on the solution of differential Eqs. (15) and (19), considering the physical constants of Tables 1 and 2 , which contains the vibrational parameters. These amounts are used in the already mentioned Matlab program in order to generate the graphics that allow the comparison among the experimental and analytical results. The experimental analysis was established in a continuous cycle, shown in Fig. 7 . Strain configuration for the free underdamped motion was experimentally obtained. The logarithmic decrement (δ), formerly defined in Eqs. (13) and (14) is depicted in Fig. 9 .
This logarithmic decrement (δ) is a very important parameter in order to qualify the damping coefficient of the prototype.
In Fig. 10 , the analytical study (full line) is now compared to the experimental one (dashed line). Comparing the free oscillatory regime, the analytical result has a period of 0.46 s while the experimental one has a period of 0.42 s in the same regime, yielding a discrepancy of 9%. Fig. 11 introduces the analysis in the time domain, for the forced oscillation. Monitoring the torsional vibration frequency, one can notice the experimental period of 0.56 s and an analytical period of 0.57 s. They show an excellent agreement, yielding a discrepancy of roughly 2%. Fig. 12 shows both analytical (dashed line) and experimental (full line) study of shaft. During the period without forcing, the strain is concentrated in the central axis of a spiral, whose limits are established by the value of strain variation produced by the experimental forcing system. Fig. 13 establishes shaft torsional vibration analysis, based on time domain, which exhibits the standard behavior of the prototype.
In this work, the FFT (fast Fourier transform) algorithm was used to change the signal in the time domain to the frequency domain. One can see in Fig. 14 a characteristic frequency behavior presenting a peak. As the prototype changes in time or damages with expected use, it will change both time and frequency domain characteristics. 
Conclusions
In this work, both analytical and experimental modeling of torsional vibration was accomplished. In order to do this study, a prototype was designed and manufactured. The way the strain gauges were fixed in the half section of prototype (½ WB) made possible to analyze the shaft torsion in its whose length. The cantilever setup in only one side of the prototype shaft and the swing length caused a different deformation condition for the torsional moment, produced in free form and by ramming. Comparing both analytical and experimental results, a great accuracy was obtained, what strongly suggests that this prototype represents a satisfactory representation of harmonic cyclic movement. This behavior qualifies the prototype for studies in system stability as well as signal sensitivity predictions of the analytical model for shaft torsions.
In this study, our prototype has undergone a loading with two degrees of freedom. The way the SGs were used in this prototype, allowed us to analyze the loadings separately, replacing the more complex system by two systems each one of one degree of freedom. This approach demonstrates the superiority of our setup for studying more complex systems.
As Xiang [9] , presented by your article and referenced by Figs. 8a, 8b and 9 on the accuracy and consistency of its torsional vibration analysis results in the field of time and frequency, based on the principles of laser Doppler velocimetry. This article also shows results as Figs. 13 and 14 in relation to spectral diagram of torsional vibration of the shaft about the time domain and frequency, which are obtained by the application of a further analysis based on deformation of the shaft produced by a single component of the multiaxial effort. The employee cams eccentricity to the shaft, to generate vibration which turns its natural frequency, causing various components W ni of natural frequency W n (calculated and presented in Table 2 ). These results demonstrate the major vibration component peak of the field frequency (W ni = 30 Hz, Fig. 14) . All the natural frequency peaks of the components are different of the peak excitation frequency (W), r'<1. These results demonstrate the quality and consistency of the analysis of the prototype. 
